An inverse coefficient problem related to identification of the plasticity function g(η) from a given torque τ is studied for a circular section bar. Within the deformation theory of plasticity the mathematical model of torsion leads to the nonlinear Dirichlet problem
Introduction
In this paper, we study the inverse coefficient problem associated with the nonlinear boundary value problem  −∇ · (g(|∇u| 2 )∇u) = 2ϕ, x ∈ Ω ⊂ R 2 ; u(s) = 0, s ∈ ∂Ω, (1) related to the elastoplastic torsion of a circular cross-section bar. Here u(x) is the Prandtl stress function, g = g(T 2 ) is the plasticity function, T 2 := |∇u| 2 is the stress intensity and ϕ > 0 is the angle of twist per unit length.
The boundary value problem (1) represents an elastoplastic torsion of a strain hardening bar, represented by the cylinder with base Ω = Ω∪∂Ω and with generators parallel to the axis Ox 3 . The base of a bar is assumed to be fixed, i.e. rigid clamped.
The inverse coefficient problem here consists of the determination of the unknown coefficient g(T 2 ), from the experimentally given value τ = τ (ϕ) of torque (or torsional stiffness), under the action of a moment M, during the quasistatic process of torsion, given by the angle of twist per unit length ϕ ∈ [ϕ * , ϕ * ], ϕ * > 0. Accordingly, for the given coefficient g = g(T 2 ) and the angle of twist ϕ ∈ [ϕ * , ϕ torque is defined to be as the integral of the Prandtl stress function u(x) over the domain Ω ⊂ R 2 :
Hence the considered inverse coefficient problem can be formulated as the problem of finding the pair ⟨u, g⟩ from the following equations:
Elastic-plastic torsion of hardening bars has been investigated in numerous engineering [1] [2] [3] [4] [5] and mathematical [6] [7] [8] [9] studies. Thus, mathematical models and engineering analysis of torsional problems for circular and non-circular crosssection bars have been proposed in [1] . The torsion problem of a circular bar with fixed ends is solved in [5] using a finite deformation constitutive model. Large elastic-plastic torsion of uniform circular bars has numerically been investigated in [4] , using special finite elements. In the analysis here either linear hardening or power law hardening uniaxial stress-strain curves are assumed in the physical model. An existence of the weak solution in the Sobolev spaces
the nonlinear boundary value problem for the torsion of a hardening bar has been given in [6] . This approach has then been extended in [10] as a variational method. Mathematical models of elastic-plastic torsion of hardening bars have been proposed in [11] [12] [13] . A maximum principle for the nonlinear boundary value problem (1) is derived in [9] .
The first attempt to identify the unknown coefficient g = g(T 2 ) in (1) from the measured torque, has been given in [8] .
In this study the numerical inversion algorithm, based on finite element approximation, is proposed for a prismatic bar of rectangular cross-section. Mathematical analysis of the inverse problem (3) has then been given in [2] . Numerical inversion algorithm for reconstruction of the unknown coefficient g = g(T 2 ) from noisy data τ γ (ϕ), with various noise levels γ > 0, has been proposed in [14] . However, to the best of our knowledge, for a circular cross-section bar the inverse problem (3) has not been studied so far. The paper is organized as follows. Solvability of the direct and inverse problems is discussed in Section 2. An analysis of the inverse coefficient problem for a circular cross-section bar is given in Section 3. It is shown here that the coefficient-totorque (i.e. input-output) map is explicitly invertible. Then an explicit formula relating the plasticity function g(η) and the torque τ is derived. In Section 4, the well-known formula between the elastic shear modulus G > 0 and the torque for pure elastic torsion of circular cross-section bar is obtained from this explicit formula.
The main assumptions and solvability of the direct and inverse problems
The torsion of elastic-plastic shafts with work-hardening has generally been studied by means of J 2 -deformation theory [11] [12] [13] , it being argued that under monotonic (simple) loading such a treatment would provide a good approximation to the solutions of the incremental theory. It is well known that these two theories coincide exactly only when the bar (shaft) is circular [13] . In the deformation theory, the relationship T = f (Γ )Γ , between the intensity of the shear strain tensor Γ and the intensity of the tangential stress T = (u x 1 + u x 2 ) 1/2 , is a continuous, piecewise differentiable monotone and concave curve [12, 7, 13] :
Here ] is defined to be as the strain-hardening phase. Due to assumptions (4), in both cases the T = f (Γ )Γ function is invertible, and these inverses are defined as follows [7, 8] :
where g = g(T 2 ) is the above defined plasticity function. Further, the plasticity function g(T 2 ) satisfies the following conditions of deformation theory [11, 12] :
The case T ∈ [T 0 , T * ], corresponding to the linear elastic torsion case, will be considered later, separately. Hence we will assume that T ∈ [T 0 , 
is the Sobolev space of functions [16] . Under conditions (6), this solution exists and is unique (see [2, 6] ).
We define the coefficient-to-torque map T [·] : G  → T as follows:
where u(x; ϕ; g) ∈H 1 (Ω) is the solution of the direct problem (1) for a given coefficient g ∈ G. Then the inverse problem (3) with the given measured output data τ = τ (ϕ) can be reduced to the solution of the nonlinear operator equation
or to inverting the coefficient-to-torque map
Evidently, in practice the measured output data τ = τ (ϕ) can only be given with some measurement error (noise), which means that exact fulfillment of the equality in (8) is not possible. For this reason one needs to introduce the auxiliary (cost) functional
and consider the following minimum problem:
A solution of this minimum problem is defined to be a quasi-solution of the inverse problem (3). An existence of a quasisolution in the set of admissible coefficients G has been proved in [2] .
Invertibility of the coefficient-to-torque map for a circular section bar
Let us consider the elastic-plastic torsion of a circular cross-section bar: (Fig. 1) [τ ] : T  → G. Moreover, the unknown coefficient g ∈ G can be defined via the torque τ = τ (ϕ)
as follows:
Proof. Let g ∈ G be a given coefficient. Then for a circular section bar, the direct problem can be formulated as the following two-point boundary value problem Using this in definition (11) we may rewrite the operator equation (8) as follows:
where τ = τ (ϕ) is the given (noise free) torque, defined by (2) . To solve this equation with respect to the function f (Γ ) we use integration by parts to compute the left integral. Then we have:
We use now the change of variables rϕ = γ in the left integral and denote r 0 ϕ = Γ . As a result, we obtain the formula
Now we differentiate both sides of the above equality with respect to the new variable (shear strain) Γ ∈ [Γ * , Γ * ], to derive the explicit formula between modulus of plasticity f (Γ ) and the torque τ (ϕ):
Taking into account the relationship f (Γ ) = 1/g(T 2 ) in (16) we obtain the required formula (12) . This completes the proof. Hence for a given angle of twist ϕ ∈ [ϕ * , ϕ 0 ], the elastic shear modulus G > 0 can be found from a given torque τ = τ (ϕ)
by the following formula:
As an application of Theorem 1, we derive this well-known formula [1] from the inversion formulas (12) 
